Abstract: Methods for reliability analysis of the load-share models are studied in the paper. In load-share systems, component or system failure rates depend on the working state of the other components in the system or depend on changable conditions of system functioning. A special type of the load, namely, the piecewise constant load is investigated. The main assumption used in the paper is the so-called "condition of the residual lifetime conservation" of the system, which is equivalent to the condition of continuity of the reliability (survivor) function. Rather simple recurrent expressions are obtained for computing reliability measures. Various numerical examples illustrate the proposed models.
fail to consider the changing stress in this setting, which constitutes a load-sharing model.
It should be noted that most works devoted to the load-sharing models consider their statistical aspects, i.e., they determine the parameters of changes under various conditions of functioning from statistical data. In the proposed paper, we study how the reliability measures change under some special types of the load conditions. The main assumption used in the paper is the so-called "condition of the residual lifetime conservation" of the system, which is equivalent to the condition of continuity of the cumulative distribution function of time to failure or reliability (survivor) function. For simplifying some expression by computing reliability measures, we also assume that the load increases in k times as the system failure rate increases in k times.
Let P (t) be the reliability of a system under normal (or initial) conditions of its usage. The system reliability behavior or its functioning under the piecewise constant load can be modeled in the following way. The load is constant during certain (non-random) periods of time. Stepwise changes of the load occur at some discrete time points. These stepwise changes cause some changes of the system reliability behavior. It is assumed that the system reliability increases in case of the reduced load and vice versa. The idle states of a system (when the system is not working and not failed) can be regarded as the zero-valued load.
The main problem of the system analyzing is to determine the reliability of the system denoted by P c (t) by taking into account the stepwise changes of the load. We will also use the load factor as a measure of the load.
In order to give an example of the load measure, we consider a parallel system consisting of n units. It is supposed here that n − 1 units are redundant. After failure of a unit, other units are under the increased load which is measured by the so-called load factor denoted k that is k = n/(n − 1) for the considered parallel system. After failure of the second unit, the load increases again and the load factor becomes to be k = n/(n − 2). By continuing the consideration of failures, we can say that the load on the last single working unit increases n times after failures of n − 1 units and the load factor is now k = n. A simple analogy of the indicated behavior of the load is the electric current in a parallel circuit. If the parallel n-unit circuit resistance is R, then the resistance of the same circuit with n − m working units increases and is R n−m = Rn/(n − m) = kR.
If failures of the 1-st, 2-nd, . . . , (n − 1)-th units occur at time moments t 1 < t 2 < ... < t n−1 , then the function of the load factor under condition that its initial value is 1 has the following piecewise constant form:
The time moments of the load changes t 1 , t 2 , ..., t n−1 can be determinate or random. Therefore, the system behavior after the load changes a priori may be unknown because it depends on the time moments of changes. From the mathematical point of view, the above means that the system lifetime distribution changes under the load. We investigate in the paper how types of probability distributions influence on the reliability measures of systems with different loads. The measures for analyzing are the survivor or reliability function and the mean time to failure (MTTF).
The single change of the load
First, we study a case when the load on a system changes only once. Let t 1 be a time of the load change, P (t) be the reliability of the system under initial conditions of working, P k (t) be the reliability of the system under condition that the load has changed and became to be k. At that, the value of k may be larger or smaller than 1. The first case corresponds to the increased load, the second one corresponds to the decreased load. We assume that k = 1 under initial conditions of the system usage. This implies that k can be called the relative load factor.
The main idea underlying the computation of the reliability measure P c (t) after the load changes is the so-called "condition of the residual lifetime conservation" of the system. Namely, it can be written as
where the value of the "shift" x is chosen such that the area under the probability density function f (t) = −P (t) in interval [t 1 , +∞) would be equal to the area under the probability density function f k (t) = −P k (t) in interval [t 1 − x, +∞) (see Fig. 1 ). The above condition is equivalent to the condition of continuity of the cumulative distribution function of time to failure. It is obvious that the following continuity condition is valid in this case:
Hence we can find the value of x as
and the reliability measure as
Here P −1 k is the inverse function. Note that the value of the shift x may be positive as well as negative. The shift x is positive when the inequality k > 1 is valid. The negative value of x means that there holds k < 1.
It is interesting to study the limited values of the load factor. The case k → +0 means that the system is in the idle state after time t 1 . In this case, there holds P c (t) = P c (t 1 ) by t ≥ t 1 . The case k → +∞ corresponds to the instantaneous failure at time t 1 . Then P c (t) = 0 by t ≥ t 1 .
The replacement of the function P (t) by the function P k (t) at time t 1 of the load change can be carried out by several ways. Let us explain why the expression (1) is taken for computing the survivor probability distribution function P k (t).
1. It is obvious that the function P c (t) has to coincide with the function P (t) before time t 1 . In order to continue the graph of P c (t), we could use the parallel shift of the graph of P k (t), for instance, up or down, to the right or to the left, or at an angle. At that, the shifted graph of P k (t) should pass through the point (t 1 , P (t 1 )). However, this shift does not violate the residual part of the graph P k (t) only in the case when the shift is carried out in parallel to the abscissa axis, i.e., to the right when the load increases, and to the left when the load decreases.
2. For the failure aftereffect when k > 1, there exist boundary functions P c (t) caused by the lack or availability of the system "memory". The proof of this fact is given in Appendix A.
3. The "memory" is absent for the exponential distribution. Therefore, the reliability function coincides with its upper bound. The proof is given in Appendix B.
4. The case when the system shuts off (or activates after its idle state) in interval (t 1 , +∞) corresponds to the load factor k = 1 for t < t 1 and k = 0 for t ≥ t 1 . Indeed, it follows from (2) that x → −∞ and we have P c (t) = P (t 1 ) for t ≥ t 1 . This means that the reliability of the system is constant in the interval of the system idle state.
Analysis of the reliability functions
Let us study an important question how the function P k (t) depends on the load factor k. It should be noted that this problem has to be solved during analyzing the system lifetime distribution. The lifetime distribution is a function of time and it depends on external conditions of the system working, in particular, on the load. Therefore, the probability P k (t) is generally a function of two variables P (t, k), where t ≥ 0, k ≥ 0. When the load factor is k = 1, we have "natural" conditions of the system working. When k > 1, we have "stressed" conditions. When k < 1, the system has reduced load conditions, for instance, a cold-standby system. In order to obtain the function P k (t), we have to realize a large number of reliability tests under different load conditions. Rather simple expressions for P k (t) can be obtained if we link the load factor k and the system failure rate. In particular, suppose that the load increases in k times as the system failure rate increases in k times. Then there holds
Indeed, the above follows from the following equality:
Here λ (x) is the failure rate; Λ (t) is the cumulative failure rate. Hence
Equality (3) is the basis for the next calculations. Let us consider an interesting case of a system with the oscillating load when the load factor step-wise increases and then step-wise decreases to the initial state. We also suppose that the system starts working at time t 1 under conditions of the increased load, but it returns to initial conditions at time t 2 . Then the reliability function is
Here the positive value of the shift x is determined from equality (2), the value of the shift y is negative and is determined from equality P (t 2 − y) = P k (t 2 − x), that follows from the "condition of the residual lifetime conservation".
Example 3.1: Suppose there holds P (t) = e −λt under "normal" 1 conditions of the system working. Here λ = 0.1 h −1 . We also suppose that the load factor is of the form:
It can be seen that the load changes twice at time t 1 = 4 h and at time t 2 = 9 h. Let us find the system reliability P c (t). By using equalities (3) and (4), we find values of the shifts x and y. Since e −2λ(4−x) = e −λ4 , then x = 2. Since e −λ(9−y) = e −2λ(9−2) , Figure 2 Functions P (t) and Pc (t) under different working conditions then y = −5. Hence, the expression for P c (t) is of the form:
Two curves are shown in Fig. 2 . The 'upper' curve is the reliability function of the system P (t) under "normal" working conditions when the load factor is 1. The 'lower' curve is the reliability function of the system P c (t) with the load factor k (t).
Reliability analysis by the arbitrary piecewise constant load
Suppose now that the load changes at time moments t 1 , t 2 , ..., t m and the load factors become at these times to be k 1 , k 2 , ..., k m , respectively. Then the reliability function of the system accounting the above load changes is
The value k 0 corresponds to the initial value of the load factor. For instance, if the system starts to work under "normal" conditions without an additional load, then there holds k 0 = 1. The function P k (t) is the probability that the system is working without failures by the load with factor k.
In order to satisfy "the condition of the residual lifetime conservation", the following equalities have to be valid:
It is assumed here x 0 = 0. It can be seen that equality (2) is a special case of (6). Now we can determine all values of the shifts x 1 , x 2 , ..., x m from (6).
So, the lifetime taking into account the changeable load is a random variable which has the following additional parameters in comparison with the "normal" lifetime:
• t 1 , ..., t m are the time moments when the load changes, t 1 < t 2 < ... < t m ;
• k 1 , ..., k m are the corresponding load factors at time moments t 1 , ..., t m , k 1 , ..., k m ≥ 0.
Let us consider the recurrent method for computing the function P c (t) under condition that equalities (3) are valid. We get from (5)
It follows from (6) that
.
The reliability function of the system with the piecewise constant load is computed by using (7), where the shift parameters x i satisfy recurrent equation (8).
It should be noted that the solution of (8) can be obtained in the explicit form when the lifetime is exponentially distributed. Assume P (t) = e −λt . Then we get from (8)
Since P −1 (y) = − 1 λ ln (y), then
By consecutively summing the above equalities, we obtain
Finally, there holds for the exponential distribution of the lifetime
The MTTF T c of the system with the piecewise constant load is of the form:
After simple modification, we have
One can see from (7)- (8) that it is difficult to get rather simple expressions for P c (t) when the probability distributions of the system lifetime differ from the exponential one. However, it can be done by means of numerical methods and the corresponding specific software.
Numerical examples for various load conditions
First, we consider toy numerical examples illustrating some properties of systems under different load conditions. Example 5.1: The lifetime of a system under the "normal" condition of working has the normal probability distribution with the expectation m = 10 h and the mean-square deviation σ = 2 h. The load increases at time t = 9 h and it is (a) k = 3, (b) k = 10. By using the numerical methods and the developed software program, we draw the reliability functions of the system. They are depicted in Fig. 3 . The upper curve with number 1 corresponds to the "normal" condition by k = 1. The curve 2 is the reliability function P c (t) under the load with the factor k = 3. The lower curve with the number 3 corresponds to the reliability function P c (t) when k = 10. One can see from Fig. 3 that the functions P c (t) and P (t) coincide before time t 0 = 9 h. However, after the time of increasing the load, the function P c (t) is below the function P (t). The MTTF under "normal" conditions is 10 h. The MTTF under the load with k = 3 decreases till 9.62 h. The MTTF by k = 10 is 9.38 h.
Example 5.2: Suppose that the system lifetime under the "normal" condition of working has the gamma distribution with the expectation m = 10 h and the mean-square deviation σ = 2 h. The load decreases at time t = 9 h and it is (a) k = 0.5, (b) k = 0.1. By using the numerical methods and the developed software program, we draw the reliability functions depicted in Fig. 4 . The lower curve with number 1 corresponds to the "normal" condition by k = 1. The curves 2 and 3 are the reliability functions P c (t) under the load with factors 0.5 and 0.1, respectively. The MTTF under "normal" conditions is 10 h. The MTTF under the load with k = 0.5 increases till 10.54 h. The load with k = 0.1 leads to the MTTF 12.77 h.
Example 5.3: Let us consider a case when there are 10 time moments of the load changes t i = i, i = 1, 2, ..., 10. The load factor takes the values k i = 11/(11 − i), i = 1, 2, ..., 10, respectively. It is assumed that the expectation is m = 10 h and the mean-square deviation is σ = 2 h. The reliability function P (t) under "normal" conditions of working and the reliability function P c (t) by assuming that the lifetime has the exponential distribution with the failure rate λ = 0.1 Figure 5 Functions P (t) and Pc (t) by the exponential distribution of the lifetime Figure 6 Functions P (t) and Pc (t) by the gamma distribution of the lifetime h −1 are depicted in Fig. 5 . Functions P (t) and P c (t) by assuming the gamma distribution with the expectation m = 10 h and the mean-square deviation σ = 2 h are shown in Fig. 6 . The similar forms have curves by assuming the normal distribution and Weibull distribution. Functions P (t) and P c (t) by assuming the Rayleigh distribution with the parameter λ = π/400 h −2 are depicted in Fig. 7 . Without taking into account the changes of the load, the MTTF is m = 10 h for all cases. By taking into account the changes, we get values of the MTTF shown in Table 1 . It can be seen from Fig. 5, Fig. 6 and from Table 1 that the assumption of the exponential distribution provides the worst reliability.
Example 5.4: Suppose that the lifetime under "normal" conditions has the exponential distribution with the failure rate λ = 0.1 h −1 . The system is in the idle state in the following intervals (in hours): [3; 5], [9; 11], [12; 15] . The load factor in these intervals is 0.01. Let us find the reliability measures taking into account the idle states. By using the developed software program, we draw the reliability functions which are depicted in Fig. 8 . In this case, it is possible to write the expressions for the reliability function in the explicit form. It can be seen from Fig.  8 that the idle states significantly impact on the system reliability. The MTTF without idle states is 10 h, and with idle states is 11.07 h.
Conclusion
Load-share reliability models with the piecewise constant load have been studied in the paper. The main feature of the models is applying the condition of the residual lifetime conservation to reliability analysis. The condition means that the cumulative distribution function of time to failure is continuous, i.e., it can not have any jumps. Of course, this assumption can be disputed. However, it adequately models the reliability behavior of many real systems. Rather simple expressions have been obtained for computing the reliability measures by various types of the load change conditions. Moreover, the reliability function and the mean time to failure can be computed by using the simple recurrent algorithm when the load is changed at predefined time moments.
The various numerical examples have illustrated how the different conditions of system functioning can impact on its reliability.
The system with "memory"
Let us consider the second case. By assuming that the reliability "resource" of the lifetime X is spent starting from the beginning of the system working, but not from the time of the load change, we obtain
This implies that
The function P k (t) is decreasing. Then it follows from (9)-(10) that
Inequality (11) means that the reliability of a system without "memory" is larger than the reliability of a system with "memory". This intuitively agrees with our understanding the reliability of systems with and without "memory".
If we do not know whether a system has "memory" or not, then the system reliability function P c (t) must satisfy the following two-sided inequality:
Let us prove that the probability P c (t) determined from (1) satisfies the above two-sided inequality. It is sufficient to consider the case t ≥ t 1 . Let us write two natural assumptions:
1. The probability distribution P k (t) belongs to the class of all IFRA (increasing failure rate average) distributions Barlow and Proschan (1975), i.e., the probability of the residual lifetime during time x is not larger than the probability of the lifetime for the same time P k (t + x) P k (t) ≤ P k (x) .
1. The load changes make the system to be less reliable, i.e., there holds P k (t) ≤ P (t) .
The first assumption and equality (2) imply P k (t − x) = P k (t − t 1 + t 1 − x) ≤ P k (t 1 − x) P k (t − t 1 ) = P (t 1 ) P k (t − t 1 ) .
The above completes the proof of the upper bound. The second assumption implies P (t 1 ) = P k (t 1 − x) ≤ P (t 1 − x) .
Hence x ≥ 0. Therefore, we get
The above completes the proof of the lower bound. So, we have two-sided bounds for the reliability of a system with aftereffect or with changes of the load.
Appendix B. The reliability function and its upper bound by the exponential distribution
Let us prove that P c (t) = P (U ) k (t) when the lifetime is exponentially distributed. In this case, we have P c (t) = exp (−λt) , if t < t 1 , exp (−kλ (t − x)) , if t ≥ t 1 , where x is such that exp(−kλ (t 1 − x)) = exp(−λt 1 ).
Hence x = t 1 (k − 1)/k. Then P c (t) = exp (−λt) , if t < t 1 , exp (−λ (kt − (k − 1) t 1 )) , if t ≥ t 1 .
Let us consider the upper bound P (U ) c (t) = P (t) , if t < t 1 , P (t 1 ) P k (t − t 1 ) , if t ≥ t 1 .
By assuming the exponential distribution of the lifetime, we get P (U ) c (t) = exp (−λt) , if t < t 1 , exp (−λ (kt − (k − 1) t 1 )) , if t ≥ t 1 .
The above completes the proof.
